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In this paper we prove some compactness results for a large class of singular transport
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1. Introduction
The present work deals with the time asymptotic behavior and regularity properties of solutions of the following initial
value problem:
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
∂ψ
∂t
(x,μ, t) = −μ∂ψ
∂x
(x,μ, t) − σ(μ)ψ(x,μ, t) +
1∫
−1
κ
(
μ,μ′
)
ψ
(
x,μ′, t
)
dμ′
:= AHψ(x,μ, t) := THψ(x,μ, t) + Kψ(x,μ, t),
ψ(x,μ,0) = ψ0(x,μ),
(1)
where x ∈ (−a,a) for a parameter 0 < a < ∞, μ ∈ (−1,1), and H denotes a boundary operator relating the incoming ﬂux to
the outgoing one. This equation describes the transport of particles (neutrons, photons, molecules of gas, etc.) in a slab with
thickness 2a. The function ψ(x,μ, t) represents the density number of gas particles having the position x and the direction
cosine of propagation μ at the time t (the variable μ may be thought of as the cosine of the angle between the velocity
of particles and the x-direction). σ(·) and κ(·,·) are measurable functions called respectively, the collision frequency and the
scattering kernel.
Let p ∈ [1,∞) and deﬁne the collision operator
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⎪⎪⎩
K : Xp −→ Xp,
ψ −→
1∫
−1
κ
(
μ,μ′
)
ψ
(
x,μ′
)
dμ′
acting on the Banach space
Xp := Lp
[
(−a,a) × (−1,1);dxdμ].
Let us assume the two following assumptions on the collision frequency σ(·) and the collision operator K :
(A1) σ (·) is not bounded, there exists a closed subset O ⊂ (−1,1) with zero Lebesgue measure and a constant σ0 > 0 such
that σ(·) ∈ Ł∞loc((−1,1) \ O), σ(μ) > σ0 a.e. on (−1,1) and σ(μ) = σ(−μ) ∀μ ∈ (−1,1);
(A2) The linear scattering operator K is positive, not bounded and viewed as a weakly compact operator from Lσ1 into
L1 if p = 1, and as a compact operator from Lσp into Lp if p ∈ (1,+∞), where Lσp = Lp[(−1,1);σ(μ)dμ] and Lp =
Lp[(−1,1);dμ], p ∈ [1,+∞).
This work was motivated by the earlier works of M. Chabi and K. Latrach [2,3] and M. Chabi and M. Mokhtar-Kharroubi
[4] where neutron transport equations with unbounded collision operators were investigated on Lp spaces, with 1  p <
+∞. Their goal was to discuss the well-posedness and time structure (t → ∞) of the solution to the time-dependent
problem (1) supplemented by the specular reﬂection boundary conditions:{
ψ(a,μ) = ψ(a,−μ), μ ∈ (−1,0),
ψ(−a,μ) = ψ(−a,−μ), μ ∈ (0,1), (2)
on the boundary spaces. The assumptions (A1) and (A2) were motivated by free gas models (cf. [5,14]) and were afterward
used in [2–4] (see also [10]). The second part of the assumption (A1) means that the singularities of the collision frequency
belong to a set of zero Lebesgue measure. In fact, unbounded and non-negative collision frequencies act as strong absorption
which results in the unboundedness of the collision operator.
In [2] and [3], M. Chabi and K. Latrach showed that the streaming operator TH , deﬁned in (6), generates a positive
C0-semigroup (UH (t))t0 on Xp given explicitly by (7); and, under conditions (A1) and (A2) the singular transport operator
AH := TH + K
generates a positive C0-semigroup (V H (t))t0 given by the Dyson–Phillips expansion deﬁned on D(TH ):
V H (t) =
∞∑
j=0
UHj (t), (3)
where
UH0 (t) = UH (t) and UHj (t) =
t∫
0
UHj−1(t − s)KUH (s)ds, j  1.
In order to study the time asymptotic behavior of the solution ψ(·) = V H (·)ψ0 to the Cauchy problem (1)–(2), M. Chabi
and K. Latrach [2,3] studied the spectral theory of the transport semigroup V H (·). They proved the compactness or the weak
compactness of the second order remainder term
RH2 (t) :=
∑
j2
UHj (t), t  0,
of the Dyson–Phillips expansion (see [2, Theorem 5.2] and [3, Theorem 4.1]). This enabled them to deduce that the streaming
semigroup U H (·) and the transport semigroup V H (·) verify
re
(
V H (t)
)= re(UH (t)) σ0, t  0, (4)
where re(·) denotes the function, essential spectral radius, and σ0 is the positive real number deﬁned in (A1). Recently,
M. Mokhtar-Kharroubi studied in [12,11] the non-singular multi-dimensional neutron transport semigroup for vacuum
boundary conditions (H = 0). He improved (4) by proving that the essential spectrum of U 0(·) is entirely invariant under
the collision perturbation of its generator; i.e.,
σess
(
V 0(t)
)= σess(U0(t)), t  0. (5)
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were different (for the deﬁnitions of the essential spectral radius and the essential spectrum, we refer to [15] and [13]).
More recently, by using a resolvent approach, B. Lods and M. Sbihi [9] proved that for the non-singular transport operator
with non-vacuum boundary conditions, the analogue of (5) holds true for p ∈ (1,+∞). The method depends heavily upon
the dissipativeness of the streaming operator for p = 2 and uses an interpolation technique for p > 1. However, the result
for p = 1 remains an open problem. In this paper, we solve this problem. Indeed, for the case of the singular transport
equation (1) supplemented with reﬂecting or periodic boundary conditions (see (14)), by handling directly (U H1 (t))t0 and
using comparison arguments, we generalize (5) simultaneously for all p in [1,+∞). Accordingly, we prove the following
result:
Theorem 1.1. Let 1  p < +∞ and assume that the collision frequency σ(·) and the collision operator K verify respectively the
hypotheses (A1) and (A2). Then, for all t  0, the ﬁrst order remainder term
RH1 (t) := V H (t) − UH (t)
of the Dyson–Phillips expansion is weakly compact on X1 and compact on Xp , 1 < p < +∞, and, consequently,
σess
(
V H (t)
)= σess(UH (t)) for all t  0.
Finally, note that the results of the above theorem are also valid even in the case where the collision operator K is
regular (see Remark 2.2(2)).
2. Proof of the main result
Let us deﬁne the following sets representing the incoming and the outgoing boundaries of the space (−a,a) × (−1,1):
Γ inc = Γ inc1 ∪ Γ inc2 := {−a} × (0,1) ∪ {a} × (−1,0)
and
Γ out = Γ out1 ∪ Γ out2 := {−a} × (−1,0) ∪ {a} × (0,1).
Moreover, let us introduce the following boundary spaces:
Ip := Lp
(
Γ inc, |μ|dμ)∼ Lp(Γ inc1 , |μ|dμ)⊕ Lp(Γ inc2 , |μ|dμ)
:= Ip,1 ⊕ Ip,2
and
Op := Lp
(
Γ out, |μ|dμ)∼ Lp(Γ out1 , |μ|dμ)⊕ Lp(Γ out2 , |μ|dμ)
:= Op,1 ⊕ Op,2
endowed respectively with the norms
∥∥ψ inc∥∥Ip := (∥∥ψ inc1 ∥∥pIp,1 + ∥∥ψ inc2 ∥∥pIp,2)1/p
:=
[ 1∫
0
|ψ(−a,μ)|μ|p dμ +
0∫
−1
|ψ(a,μ)|μ|p dμ
]1/p
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:=
[ 0∫
−1
|ψ(−a,μ)|μ|p dμ +
1∫
0
|ψ(a,μ)|μ|p dμ
]1/p
where ∼ means the natural identiﬁcation of these spaces,
ψ inc = (ψ inc1 ,ψ inc2 )⊥, ψout = (ψout1 ,ψout2 )⊥
and
ψ inci = ψ|Γ inci , ψ
out
i = ψ|Γ outi , i = 1,2.
The boundary conditions (2) may be written abstractly as an operator H relating the incoming and the outgoing ﬂuxes,
namely⎧⎨
⎩
H : Op,1 ⊕ Op,2 −→ Ip,1 ⊕ Ip,2,
H
(
u1
u2
)
:=
(
H11 0
0 H22
)(
u1
u2
)
,
where{
H11 : Op,1 → Ip,1,
H11u(−a,μ) := u(−a,−μ) (μ > 0),
{
H22 : Op,2 → Ip,2,
H22u(a,μ) := u(a,−μ) (μ < 0).
Set
X σp = Lp
[
(−a,a) × (−1,1);σ(μ)dxdμ]
and let us consider the domain streaming operator TH including the boundary conditions:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
TH : D(TH ) ⊆ Xp −→ Xp,
ψ −→ THψ(x,μ) = −μ∂ψ
∂x
(x,μ) − σ(μ)ψ(x,μ),
D(TH ) =
{
ψ ∈ X σp such that μ
∂ψ
∂x
∈ Xp, ψ inc ∈ Ip, ψout ∈ Op and ψ inc = H
(
ψout
)}
.
(6)
According to [2] and [3], the streaming operator TH generates a positive C0-semigroup (UH (t))t0 given explicitly for all
t  0 and ϕ ∈ Xp by
UH (t)ϕ(x,μ) =
∑
n0
{
ϕ
(
x− μt + 4na sgn(μ),μ)in(t, x,μ),
+ ϕ(−x+ μt − (4n + 2)a sgn(μ),−μ) jn(t, x,μ)} (7)
where sgn(μ) = μ|μ| , μ ∈ (−1,0) ∪ (0,1), and{
in(t, x,μ) = e−tσ (μ)χ(−a<x−μt+4na sgn(μ)<a),
jn(t, x,μ) = e−tσ (μ)χ(−a<−x+μt−(4n+2)a sgn(μ)<a).
For more details, we refer the reader to [7, Sections 3, 4].
Let us now deﬁne the operators In(t) and Jn(t) by: for all ϕ ∈ Xp ,{
In(t)ϕ(x,μ) = ϕ
(
x− μt + 4na sgn(μ),μ) in(t, x,μ),
Jn(t)ϕ(x,μ) = ϕ
(−x+ μt − (4n + 2)a sgn(μ),−μ) jn(t, x,μ),
so that we have:
UH (t) =
n(t)∑
n=0
{
In(t) + Jn(t)
}
, (8)
where n(t) is a ﬁnite integer depending only on t and a. (See [2, Proposition 4.1].)
Let us recall a powerful domination theorem which is crucially used in the proof of our main result (Theorem 1.1).
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0 S  T . We have:
(1) For p = 1, if T is weakly compact on Y , then so is S.
(2) For p > 1, if T is compact on Y , then so is S.
Note that part (1) is a consequence of the theorem of Dunford–Pettis. The second part is due to Dodds and Fremlin [6]
in the case where the Banach lattice Y and its adjoint space Y ′ have order continuous norms. Note that a Banach lattice Y
has order continuous norm if any of its increasing net having a supremum is convergent. In particular Lebesgue spaces Lp
with 1 p < +∞ have order continuous norm [1].
Remark 2.1. (1) Note that the set of all compact (resp. weakly compact) operators in L(Xp, X σp ) has a Schauder basis, then
using the hypothesis (A2), K is a limit for the uniform operator topology of a sequence of ﬁnite rank operators in the form
Kn : ψ ∈ X σp −→
n∑
=1
k,1(μ)
1∫
−1
k,2
(
μ′
)
ψ
(
x,μ′
)
dμ′ ∈ Xp,
where k,1(.) ∈ Lp(−1,1) and σ−
1
p (.)k,2(.) ∈ Lq(−1,1) (1    n and q denotes the conjugate number of p deﬁned by
1/p + 1/q = 1).
(2) Let K be a rank one collision operator having the form
K : ψ ∈ X σp −→ k1(μ)
1∫
−1
k2
(
μ′
)
ψ
(
x,μ′
)
dμ′ ∈ Xp, (9)
where k1(.) ∈ Lp(−1,1), σ−
1
p (.)k2(.) ∈ Lq(−1,1) and q denotes the conjugate number of p. Note that the set of all bounded
functions on the interval (−1,1) is dense in L p˜(−1,1) for all p˜ ∈ [1,+∞)∪{+∞}. Let consider a sequence of bounded func-
tions on (−1,1): (k1,n(.))n (resp. (σ−
1
p (.)k2,n(.))n) which converges to k1(.) in Lp(−1,1) (resp. σ−
1
p (.)k2(.) in Lq(−1,1)).
Put
K˜n : ψ ∈ X σp −→ k1,n(μ)
1∫
−1
k2,n
(
μ′
)
ψ
(
x,μ′
)
dμ′ ∈ Xp, n ∈N.
For all n ∈N and ψ ∈ Xp , we have:
∣∣(K˜n − K )ψ(x,μ)∣∣ ∣∣k1,n(μ)∣∣
1∫
−1
∣∣(k2,n − k2)(μ′)∣∣∣∣ψ(x,μ′)∣∣dμ′
+ ∣∣(k1,n − k1)(μ)∣∣
1∫
−1
∣∣k2(μ′)∣∣∣∣ψ(x,μ′)∣∣dμ′. (10)
Using Hölder’s inequality to the functions σ−
1
p (.)(k2,n − k2)(.) ∈ Lq(−1,1) and ψ(x, .)σ
1
p (.) ∈ Lp(−1,1), we get
1∫
−1
∣∣(k2,n − k2)(μ′)∣∣∣∣ψ(x,μ′)∣∣dμ′  ∥∥σ− 1p (.)(k2,n − k2)∥∥Lq(−1,1)
1∫
−1
∣∣ψ(x,μ′)∣∣pσ (μ′)dμ′. (11)
Similarly, we have
1∫
−1
∣∣k2(μ′)∣∣∣∣ψ(x,μ′)∣∣dμ′  ∥∥σ− 1p (.)k2∥∥Lq(−1,1)
1∫
−1
∣∣ψ(x,μ′)∣∣pσ (μ′)dμ′. (12)
Now, by substituting (11)–(12) in the inequality (10), one gets
‖K˜n − K‖L(X σp ,Xp)  ‖k1,n‖Lp(−1,1)
∥∥σ− 1p (.)(k2,n − k2)∥∥Lq(−1,1)
+ ‖k1,n − k1‖Lp(−1,1)
∥∥σ− 1p (.)k2∥∥Lq(−1,1).
This shows that the sequence of operators (K˜n)n∈N converges to the operator K in L(X σp ,Xp).
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RH1 (t) on Xp , p ∈ ]1,+∞), (resp. X1). Also, easy calculations show that the sequence of operators
UH1,ε(t) =
t∫
ε
UH (t − s)KUH (s)ds
converges uniformly to UH1 (t) when ε goes to zero. Thus it suﬃces to prove the result for U
H
1,ε(t) where ε > 0 is ﬁxed.
Next, according to [2, Proof of Lemma 4.1] and [3, Lemma 3.1], the operator UH1,ε(t) depends linearly and continuously, in
the norm operator topology, on the collision operator K belonging to L(X σp ,Xp). Hence, according to Remark 2.1(1) (and by
linearity), we have only to prove the result for a one rank collision operator in the form (9). Now, combining Remark 2.1(2)
with [2, Proof of Lemma 4.1] and [3, Lemma 3.1] (again), it suﬃces to prove the result for K having the form (9) where the
functions k1(.) and σ
− 1p (.)k2(.) are, precisely, bounded on (−1,1). Now, because K is assumed to be positive (see (A2)),
we are going to assume that the functions k1(.) and σ
− 1p (.)k2(.) are non-negative.
Further, we can easily show that the sequence of operators (Kε′ )ε′>0 deﬁned by
Kε′ : ψ ∈ X σp −→ k1(μ)
1∫
−1
k2
(
μ′
)
χ{|μ+μ′|>ε′}
(
μ′
)
ψ
(
x,μ′
)
dμ′ ∈ Xp
converges uniformly to K when ε′ goes to zero. Thus we can replace K by the operator Kε′ where ε′ > 0 is ﬁxed.
Since the series (In(t)+ Jn(t))n∈N converges uniformly to UH (t) for all t  0 (see (8)) and the set of all compact operators
in Xp , 1 < p < +∞ (resp. the set of all weakly compact operators in X1) is a two-sided ideal, we deduce that the result will
be drawn by proving the compactness or the weak compactness (following that p > 1 or p = 1) of the following operators
acting in L(Xp):
F1,n,m(t) :=
t∫
ε
In(t − s)Kε′ Jm(s)ds, F2,n,m(t) :=
t∫
ε
Jn(t − s)Kε′ Im(s)ds,
F3,n,m(t) :=
t∫
ε
In(t − s)Kε′ Im(s)ds and F4,n,m(t) :=
t∫
ε
Jn(t − s)Kε′ Jm(s)ds,
where n and m ∈ N.
By the fact that these operators have the same structure, we can restrict ourselves to F1,n,m(t). Let us consider the
operators
In,∞(t) : Lp
[
R× (−1,1)]−→ Lp[R× (−1,1)],
ϕ −→ e−σ (μ)tϕ(x− tμ + 4na sgn(μ),μ)
and
Jm,∞(t) : Lp
[
R× (−1,1)]−→ Lp[R× (−1,1);σ(μ)dxdμ],
ϕ −→ e−σ (μ)tϕ(−x+ tμ − (4n + 2)a sgn(μ),−μ).
By convexity of the interval (−a,a), it follows that F1,n,m(t) is dominated (in the lattice sense) by
Gt :=
t∫
ε
R In,∞(t − s)Kε′ Jm,∞(s)E ds,
where E is the trivial extension from Xp to Lp[R× (−1,1)] and
R : Lp[R× (−1,1)]−→ Xp
is the restriction operator. Here, the operator Kε′ is identiﬁed to
Kε′ : Lp
[
R× (−1,1);σ(μ)dxdμ]−→ Lp[R× (−1,1)],
ϕ −→ k1(μ)
1∫
k2
(
μ′
)
χ{|μ+μ′|>ε′}
(
μ′
)
ϕ
(
x,μ′
)
dμ′.−1
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Ot :ϕ ∈ Lp
[
R× (−1,1)]−→
t∫
ε
R In,∞(t − s)Kε′ Jm,∞(s)ϕ ds ∈ Xp .
A simple calculation shows that
Otϕ(x,μ) =
t∫
ε
ds e−σ (μ)(t−s)k1(μ)
1∫
−1
dμ ′k2
(
μ′
)
χ{|μ+μ′|>ε′}
(
μ′
)
× e−σ (μ′)sϕ(x+ s(μ + μ′)− tμ − 4na sgn(μ) − (4m + 2)a sgn(μ′),−μ′),
with x ∈ (−a,a) and ϕ ∈ Lp(R× (−1,1)). The use of Fubini’s theorem yields
Otϕ(x,μ) = k1(μ)
1∫
−1
dμ′ k2
(
μ′
)
χ{|μ′−μ|>ε′}
(
μ′
) t∫
ε
ds e−σ (μ)(t−s)
× e−σ (μ′)sϕ(x+ s(μ + μ′)− tμ − 4na sgn(μ) − (4m + 2)a sgn(μ′),−μ′).
Using the change of unknowns
y = y(s) = x+ s(μ + μ′)− tμ − 4na sgn(μ) − (4m + 2)a sgn(μ′),
we get
Otϕ(x,μ) = k1(μ)
1∫
−1
dμ′ k2
(
μ′
)
χ{|μ+μ′|>ε′}
(
μ′
) 1
|μ + μ′|
×
bt (x,μ,μ′)∫
at (x,μ,μ′)
dy e−σ (μ)(t−s(y))e−σ (μ′)s(y)χ(ε,t)
(
s(y)
)
ϕ
(
y,−μ′)
where
s(y) = 1
μ + μ′
(
y − x+ tμ + 4na sgn(μ) + (4m + 2)a sgn(μ′)),
at
(
x,μ,μ′
)= min{y(ε), y(t)} and bt(x,μ,μ′)= max{y(ε), y(t)}.
Note that Gt = Ot ◦ E is a positive operator which can be dominated by
Gˆt := Oˆt ◦ E ◦ ˜idXp ,
where
Oˆt : Lp
[
R× (−1,1)]−→ Xp, ϕ −→ Cε,ε′
1∫
−1
dμ′
an,m(t)∫
−an,m(t)
dyϕ
(
y,μ′
)
,
˜idXp : Xp −→ Xp, ψ(x,μ) −→ ψ(x,−μ),
Cε,ε′ = 1
ε′
supk1(.) sup
(
σ
− 1p (.)k2(.)
)
ess− sup(σ 1p (.)e−εσ (.))
and
an,m(t) = 3t +
[
3+ 4(n +m)]a.
Applying Lemma 2.1 to the operators Gt  Gˆt in L(Xp), we have only to prove the compactness or the weak compactness
of Gˆt following that p > 1 or p = 1. This last operator can be decomposed as
Gˆt = Et ◦ F ◦ E ◦ ˜idXp (13)
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F : Lp[R× (−1,1)]−→ Lp[(−an,m(t),an,m(t))× (−1,1)]
is the restriction operator and
Et : L
p((−an,m(t),an,m(t))× (−1,1))−→ Xp,
ψ −→ Cε,ε′
1∫
−1
dμ′
an,m(t)∫
−an,m(t)
dyψ
(
y,μ′
)
.
Clearly, the operator Et ∈ L(Lp[(−an,m(t),an,m(t)) × (−1,1)];Xp) is an integral operator whose kernel is equal to one
and the Lebesgue measure of (−an,m(t),an,m(t)) × (−1,1) is ﬁnite, therefore Et is compact on Xp for 1 < p < +∞ and
weakly compact on X1. This, according to the decomposition (13), ends the proof since the operators E , F and ˜idXp are
bounded. 
Remark 2.2. (1) Due to [2, Remark 3.3] and [3, Remark 3.2], Theorem 1.1 remains true even if we consider the transport
equation (1) supplemented with the periodic boundary conditions{
ψ(−a,μ) = ψ(a,μ), μ ∈ (−1,0),
ψ(a,μ) = ψ(−a,μ), μ ∈ (0,1). (14)
(2) Following [12,8] we deﬁne the set of regular collision operators as the closure in the operator norm topology of the
class of collision operators with kernels in the form:
κ
(
x,μ,μ′
)=∑
i∈I
αi(x) f i(μ)gi
(
μ′
)
,
with αi(.) ∈ L∞(−a,a), f i(.) ∈ Lp(−1,1), σ(.)−
1
p gi(.) ∈ Lq(−1,1), i ∈ I (I ﬁnite) and 1/p + 1/q = 1.
Note that regular operators are limits, in L(X σp ,Xp), of sequences of ﬁnite linear combinations of operators verifying
the hypothesis (A2). Further, RH1 (t) depends linearly and continuously on the collision operator K . Consequently, the result
of Theorem 1.1 is also valid for regular collision operators.
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